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Abstract. The two-dimensional symmetric connections whose geodesic equations are derivable
from a Lagrangian function are divided into five classes. This classification is compared with
that of Douglas for more general classes of systems of ordinary differential equations. Three of
the five classes of connections are further investigated and in most cases specific Lagrangians
are exhibited. In particular those connections that are engendered by Lagrangians homogeneous
in velocities are characterized in terms of the Ricci tensor of each connection. Finally several
examples of variational connections that possess integrals of motion are given, thereby extending
the known class of completely integrable systems.

1. Introduction

The inverse problem of the calculus of variations is concerned with finding necessary and
sufficient conditions for a given system of second-order ordinary differential equations to be
derivable from a regular Lagrangian function. In [3] Douglas gave an exhaustive treatment
of the two degrees of freedom case. In [1] various aspects of the inverse problem were
considered. In particular, section 7 of [1] was concerned with finding Lagrangians for the
geodesic system associated to a symmetric linear connection in two dimensions. This paper
extends these investigations to the point where most connections for which at least one
explicit Lagrangian exists are written down.

We have attempted to make this paper as self-contained as possible. In particular we
do not discuss the Helmholtz conditions which provide necessary and sufficient conditions
for the existence of Lagrangians. Besides [1, 3] the Helmholtz conditions are well studied
in [2, 5], for example.

In section 2 we obtain a basic classification for variational connections. Again the
discussion is brief and the reader will have to consult [1] for the full story. Of the five
types of connection considered we ignore flat connections (type (V)) and another class
(type (1)) with regard to the problem of exhibiting explicit Lagrangians. Even the existence
of type (lll) connections is at this point in doubt let alone the existence of Lagrangians for
such connections.

The remaining three types of connections are those for which either the Ricci tensor
K;; is degenerate, or if non-degenerate there exists a Lagrangian which is a homogeneous
function of the velocities: andv. Recall that in two dimensions the Ricci tensor embodies
the entire curvature tensor. See [4] for more details. Wexusad y for the position
variables so that andv rather thant andy are the derivatives of andy, with respect to
the independent variable
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Section 3 explains how the classification of section 2 is related to the well known
classification of Douglas [3]. Sections 4-6 are each devoted to one of the classes of
connections given in section 2. Explicit Lagrangians are exhibited in most cases.

Note that any Lagrangian function which is homogeneous of degrgex and v,
provided it is regular, gives Euler—Lagrange equations with right-hand sides that are
homogeneous of degree 2 inand v, but not necessarily homogeneous quadratic. As
a result of sections 4 and 6 we obtain a characterization of those homogeneous Lagrangians
that give rise to geodesic sprays. Furthermore the connections themselves are characterized
by simple properties of the Ricci tensor.

2. The inverse problem for connections

We consider a symmetric connection in two dimensions whose geodesic equations we write
as
W4T uwu =0 (2.1)

jh

where Fj’ih are functions of the coordinatgs’) and«’ denotes the time derivative of .
The inverse problem for (2.1) is concerned with finding a funciign x’, «’) so that (2.1)
are the Euler—Lagrange equationsiof

In [1] the inverse problem for connections and much more general systems was
considered. We shall present sufficient information of that theory so that the reader has
a relatively complete understanding of the inverse problem as it relates to (2.1).

In [1] it was shown that the following condition is necessary for the existence of a
Lagrangian that engenders (2.1) whé&fg denotes the Ricci tensor of th§'h:

K(ki'Khj;z) = K(ijhZ';l)' (2.2)
A very similar condition, namely,
K i Knjyit = Knj Kyizt (2.3)

was also shown to be of significance. In fact in full (2.3) comprises six conditions whereas
(2.2) comprises four conditions and (2.3) implies (2.2).

We can now give a classification of variational connections into types that we number
(D—=(V).

() K;; degenerate and (2.3) satisfied,;

(I K;; non-degenerate and (2.3) satisfied,

() K;; non-degenerate and (2.2) but not (2.3) satisfied;

(IV) K;; skew-symmetric but not zero;

(V) K;; zero.

From the theory developed in [1] it is known that every variational connection belongs
to one of the five types. Clearly for type (V) the associated connection is flat and hence
variational as too are the connections of types (1)-(1V). For type (ll1) it is not known whether
such connections actually exist. (For more details we refer to [1 p 95] and the numbering
(I, (I and (1) is chosen to agree with that reference. The existence problem for type (llI)
connections leads to a delicate problem in differential systems theory which we hope to
revisit in the future. However, even if this problem can be answered affirmatively, it seems
doubtful whether concrete examples of this type can be written down.) The remainder of
this paper will not be concerned with the connections of types (lll) or (V).
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3. Relation to the classification of Douglas

As an alternative to the theory of [1] we summarize the situation for connections in terms
of Douglas’ classification [3]. It must be emphasized that Douglas also used capital Roman
numerals (1)—(I1V) in his classification but that it is different to the one used here in section 2
which refers to connections only. First of all a connection belongs to case (I) of Douglas
if and only if it is flat. Secondly, case (IV) of Douglas can never happen (the fundamental
3 x 3 matrix is always singular) and in Douglas’ case (lllI) only (lllb) can occur in which
case a Lagrangian is necessarily singular. Finally equation (2.2) above is precisely the
condition for a connection to belong to case (ll) of Douglas.

As regards type (ll) of section 2 above the system (2.1) falls precisely into cases (Il) al,
(I a2 and (I)b of Douglas according as the Ricci tensor is degenerate, non-degenerate but
not skew-symmetric, or skew-symmetric, respectively. In the remainder of this paper we
shall have no need to refer to Douglas’ classification and the Roman numerals used below
will always pertain to section 2 above.

4. Connections with Ricci skew-symmetric
In [1] it was shown that for type (IV) connections coordinates could be introduced relative
to which the geodesic equations are

= —@u’ V= (pyvz 4.1)

for some functiony of x andy and for whichg,, is non-zero, at least on an open subset
of the ambient manifold. Moreover equations (4.1) are engendered by the Lagrangian

L=el (4.2)
v

Indeed the second Helmholtz condition, which expresses the self-adjointness of the
Jacobi endomorphism to the multiplier matrix, see [1, 2, 5], reduces #pcis skew to

u?Ly, + 2uvL,, + v?L,, = 0. (4.3)
From (4.3) it follows that. may be written in the form
L=u+x (4.4)

wherep anda are functions ofr, y andz, respectively, and is defined to be:/v. If one
now computes the Euler—Lagrange equations of (4.4) one finds that they are given by (4.1)
if and only if

My — ZU;0x = 0 (45)
Ky — 2@y =0 (4.6)
(Zzﬁox + Z(py))\zz + Ay —Zh; — )‘zy =0. (4-7)

From (4.5) and (4.6) one may deduce that

Gxy — Pylbx = 0. (48)

But now (4.5), (4.6) and (4.8) simply imply that is a smooth function of the Lagrangian
given by (4.2). Any such Lagrangian is necessarily regular unless it is constant. The most
general Lagrangian for (4.1) is thus obtained by adding to a functioh given by (4.2)
any solution of (4.7).

At this point and for the only time in this paper we consider some questions of a
global nature. Note that (4.2) may be defined on the complement of the zero section in the
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tangent bundle TM of the two-dimensional manifold that supports the connection given by
(4.1). AlternativelyL may be considered as being defined on PTM, the bundle obtained by
projectivizing the fibres of TM. However, it turns out that the induced connection on PTM
is flat.

The Lagrangian (4.2) also shows how to define a connection with skew Ricci on the
torus. If we takep to be periodic inx andy, for example,

@ = sinx siny (4.9

then the corresponding connection passes to the torus. In this case the Ricci tensor, although
it is skew-symmetric, does have some singularities.

5. Connections of type (I)

Turning next to connections of type (I) we shall obtain a different characterization of them
for which we shall have to make a new definition. For connections that are not of type (IV)
and (V) we define a one-forrh by

Ni = K;ju'o’ (5.1)
where

ol = du! + T’ di¥ (5.2)
and

N = Kijuiuj. (5.3)

It may be shown that
N2dr = (K,sKiioj — Kyi Ky pu"u’u’ de/ Ao (5.4)
Hence (2.3) is the condition for to be closed.

Theorem 5.1A non-flat connectiorV is of type (1) if and only if it has a parallel one-form.

Proof. If V admits a parallel one-form, its geodesic equations may be written
i = —(au? + 2buv + cv?) v=0 (5.5)

the one-form being gl An easy calculation shows that the first column of Ricci is zero.
Furthermorer may be shown to bév2 hencea is closed and (2.3) is satisfied.
Conversely, ifK is degenerate we may introduce coordinates so that ekherand

K>, are zero orKq; and K, are zero. In fact the second case cannot happen as follows
from proposition 7.8 in [1]. In the first case if we let the geodesics of the connection be
given by

i = —(au? + 2buv + cv?) b = —(yu® + 2Buv + av?) (5.6)
one finds

A=d(nv)+z(dx + Bdy) + Bdx + ady (5.7)

wherez is again<.
From (5.7) we conclude that

di=dzA(ydx+Bdy) +z(Bx —yy)dx Ady + (ax — By)dx Ady  (5.8)
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and hencex is closed if and only if8 and y both vanish andx is independent ofx.
However, then a transformation of the form

X =x(x,y) y=y®) (5.9)

can be used to eliminate and reduce (5.6) to (5.5). O

Note that if the connection is of the form given by (5.5) a further coordinate
transformation can be made so as to eliminaté or c. Let us assume then thatis
also zero in (5.5). In this case the self-adjointness Helmholtz condition becomes

uLy, +vL,, =0. (5.10)
From (5.10) we conclude that there exist smooth functidrgdy such that
L=v0(x,y,2) +¥(x,y,v). (5.11)

Now using the fact that L, + vL, — L is a first integral of the geodesics, by modifying

6 if necessary, we may assume thatdepends on only. In order forL to be a regular
Lagrangian it is necessary far to be a nonlinear function of. In case it is nonlinear,

a straightforward calculation shows that (5.11) gives rise to the geodesic equations (5.5) if
and only if9 satisfies

(zx? 4 2bz + )., + 6, — 20, — 6,, = 0. (5.12)

The most general Lagrangidhis then obtained by solving (5.12) and choosifgo be a
nonlinear function of.

A special case of type (I) connections is worth noting, namely, those for which the Ricci
tensor is degenerate and symmetric. Indeed with reference to (5.5) one finds that Ricci is
symmetric if and only if

ay —b, = 0. (5.13)
From (5.13) it follows that there exists a functigrix, y) such that

a =@y b =g,. (5.14)
We summarize the situation by means of the following theorem.
Theorem 5.2A connection of type (I) for which the Ricci tensor is symmetric has geodesic
equations given by

i = —@u® — 2p,uv b =0. (5.15)
Furthermore these geodesics are derived from the Lagrangian

2
L = e,2<p(x,y)u7 + v () (5.16)

where,, is hon-zero.

Proof. As we have stated, we may transform away the coefficient(5.5) by a coordinate
transformation. Equation (5.15) now follows from (5.14). Finally note in this 6ases?’ 7>
gives a solution to (5.12). O
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6. Connections of type (II) and homogeneous Lagrangians

It remains to consider type (ll) Lagrangians. We introduce the differential opetatnr

0 a
A=u— —. 6.1
. ov v ov 6.1)
A Lagrangian function will then be homogeneous of dedgrdan velocities) provided
AL =kL. (6.2)

Note that in order fol. to be regular it is necessary thiat: 1 and that ifL is independent
of time ¢ it is a first integral of its own Euler—-Lagrange equations.

Suppose now that the Euler—Lagrange equations afe the geodesics of a symmetric
linear connectiom. The self-adjointness Helmholtz condition gives

(K12u + K22v) A(Ly) = (K1au + K120) A(Ly). (6.3)
From the definition of the one-form given by (5.1) we find that
A (L)) o'
— ( (814 )) o . (64)
A(A — 1)L
In the special case whete satisfies (6.2) withk different from zero or unity it follows that
d(nL
A= <2 ). (6.5)

It was shown in [1, proposition 7.8] that whenewveris closed the local functior. of
which it is the differential is a Lagrangian for the given geodesic system. Furthermore this
Lagrangian is regular provided that Ricci is regular (and not skew-symmetric). In fact the
Hessian ofL is given up to a factor oK N = by

(K11)%u* 4 2K 11K 10130 4+ (K12 4+ K21)? + 2K11K20)u?v? + 2K 20K 01uv® 4 (K22)%v*

whereK is the determinant oK;.

Our next objective is to show that a connection is of type (ll) only if its geodesic
equations are derivable from a Lagrangian which is homogeneous of degvherek is
not zero. We assume that our Lagrangiamay be written as

L=v"M(x,y,z2) (6.6)

wherez stands fom /v and M is a smooth function of its three arguments. Heres a real
number so (6.6) expresses the fact thas homogeneous of degrge We next compute
the Euler—Lagrange equations for the Lagrangian given by (6.6) and demand that they are
the geodesic equations of a spray so that the right-hand sides are quadratodn. By
factoring outv? we have two expressiong and R which are quadratic in. One finds that
M must satisfy the following equations in order that (6.6) should give rise to a spray:

(M, + Myz —M)M, — (zM, + My)Mz

pPMM, . — (p— 1)MZ2
pPM(M, — sz — M)+ (p — DM (M, + My) _
pMM, — (p — 1)M22

These last two equations may be rearranged so as to give

M+ M, = R(zM, — pM) — OM, (6.9)
Zsz + M'z - Mx = R(ZMZZ - (P - 1)Mz) - QMzz- (610)

=R (6.7)

0 —zR. (6.8)
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Differentiating (6.9) with respect tg gives
M, + Myz +M, =R, (zM, — pM)+ RzM . — (p —DM.) — OM_. — O M.. (611)
From (6.9)—(6.11) we obtain
M, = %RZ(ZMZ - pM) — %QZMZ (612)
M, = 3(zM, — pM)(2R — zR,) + 3M.(2Q. — 20). (6.13)
From (6.12) we computé/,, and M,, from (6.13) and equate these two. After some
elimination and using (6.9) and (6.11) we obtain the following condition:
2(zRzx + Ry — 2R)(zM; — pM) — 2(Q:y + 20 — 20,)M:
+((zR; — Q)R +2(Q — zR)R.))(zM, — pM)
_(ZRQZ - ZRZQ + 2(Q - ZR)QZZ - QZ(QZ - ZRZ))MZ =0. (614)
It turns out that equation (6.14) may be expressed in terms of the compakigni$ the
Ricci tensor corresponding to the connection components contain€@dénd R. Indeed
one finds that
(K112> + (K12 + K210z + K29 M. = p(K11z + K20 M. (6.15)

Equation (6.15) is an ordinary differential equation faf in the variablez. There are
essentially three cases to consider depending on whether the coefficightinfthe left-

hand side of (6.15) (i) factors into distinct linear factors, (ii) repeated linear factors or (iii)

is an irreducible quadratic. Geometrically, these cases are distinguished by the signature of
the symmetric part oK;;. In case (i)K;;, is non-singular and indefinite, in case (K);;

is singular and finally in case (iiiK;, is definite. Before investigating these cases further
we prove two lemmas.

Lemma 6.1The Lagrangiarl. given by (6.6) is degenerate if and onlylifis a power of a
function which is homogeneously linearirandv. In particular a Lagrangian homogeneous
of degree 0 is always regular, provided it dependg.on

Proof. As we see in (6.7) and (6.8], is degenerate if and only i/ satisfies

pMM,, — (p —1HM? = 0. (6.16)
Note that if p is zero (6.16) is satisfied if and only M, is zero. Equation (6.16) is easily
integrated giving

Mv? = (a(x, y)u + b((x, y)v)”
for some smooth functiong andb of x andy. The converse is well known. |

Lemma 6.2The function(au + bv)” (cu + dv)? wherea, b, ¢, d, p, q are functions ofx, y
such thatad — bc is non-zero is locally equivalent t6'(x, y)u?v? where(x, y) — (X, y)
is a non-singular change of variables afid v) changes fromu, v) by the Jacobian of
(x,y) = (x, ).

Proof. Consider the following algebro-differential system far, y, F):
bxy —ax, =0
dy, —cy, =0 (6.17)

Pl — FxPy
afct! = FxPyl.
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The first two equations in (6.17) may be solved forand y and then the third used
to determineF. Provided that(x, y) — (x, y) is non-singular, this gives the required
transformation.

If x andy are functionally dependent we have

be(Xeyy — Xyy) = (ad — be)x, 3, = 0. (6.18)

Since ad — bc is non-zero we may assume without loss of generality fhais zero.
Returning to the first equation in (6.17) we deduce that eithé& constant o is zero.
However, we can always chooseso as not to be constant andbifis zero we may set
x = x. Sincex andy are functionally dependent we must haye= 0 and hence from the
second equation in (6.17) we must have- 0. However, ifb andd are both zero there is
nothing to prove.

Let us now reconsider case (i) of (6.15). An elementary integration showathéats
of the form (au + bv)? (cu + dv)? wherea, b, ¢, d, g are functions ofc andy andad — bc
is non-zero. Hence lemma 6.2 may be applied. A similar analysis in each of cases (ii) and
(iii) may be made using a variation of lemma 6.2.

There is one further refinement concerning the form of the Lagrangian that can be made.
In case of (i) of (6.15) we now know that the Lagrangian may be written in the féuive
wherer + s = p. We shall show that in fact both ands have to be constant. Indeed the
Euler-Lagrange equations fofi&v* turn out to be:

rA—r—s)iu=[(r+s—1D0by +reInu+s,INv) +rsJu — (s — Dryuv

5 (6.19)
sA—r—s)0=[(r+s—D0by+ryInu+s,Inv)+sr]v°— - Dsuv

and sincer + s is constant it easily follows that we can only hawg ry, s, ands, all
zero in order for (6.19) to represent the geodesic equations of a spray. Hemcks are
both constants. Similar arguments may be made in the case (ii) and (iii) of (61.5) and we
summarize the various possibilities as follows. |

Theorem 6.3A geodesic spray with non-zero curvature arises from an homogeneous
Lagrangian if and only if the associated connection is of type (II) or type (V). For
type (II) connections there are three cases respectively as the symmetric part of Ricci is
non-degenerate and indefinite, degenerate (but not zero), or (positive or negative) definite;
in each of these respective cases there is a canonical Lagrangian and hence canonical form
of the geodesic equations of the following type:

—b,

L=¢eu W= —u?
' (6.20)
. _by 2
(bzb(-x’y)) V,SG(R) V= ——V
S
L = e'ver i = —2beuv — (by — 2b,)v?
2 (6.21)
(b =b(x,y)) V= —byv
) 1
L = (u? + v?)ehtearcan i = ———[(byc — 2b,)(u? — v?) — 2(byc + 2b,)uv]

4+ c?

(c € R, b=b(x,y)) ) [(brc + 2b)) (u? — v?) + 2(byc — 2b,)uv].

R
(6.22)
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7. Completely integrable connections

In this section we give several examples of variational connections that possess explicit
integrals of motion and therefore constitute new non-standard examples of completely
integrable systems when they are transformed into the Hamiltonian picture.

In particular, it should be noted that Killing’s equations for homogeneous integrals of
motion makes sense for the geodesics of a connection irrespective of whether the connection
is engendered by a pseudo-Riemannian metric.

Example 7.1In the Lagrangian (5.16) we set
¥ (v) = 2% (7.1)

There is a qualitative difference between those systems for whicht goyz is or is not
independent of. Invariantly this difference corresponds to the tenBgk(= Kjj.x — Kx;.:)
being zero or not. In the latter casés the unique linear integral up to scaling by a constant.

In the former case there are linearly independent integrals. To exhibit these integrals
we rewrite the geodesics in the following form wheteis a function ofy and B and C
are functions ofx:

u= uv v=0. (7.2)

AB// + C// 5 2A/B/ A//
A +C " T \aBp+c A

The integrals of motion are, 42+ + By and 242+, — Co,

Example 7.2Consider the Lagrangian given by (i) of theorem 6.3. There is a qualitative
difference between the cases wherands are or are not equal. In the former case Ricci
is symmetric so we are essentially in the Lorentz metric Lagrangian situation. In the latter
case Ricci is not symmetric and from the Killing theory we conclude that there are at most
two linearly independent degreeintegrals of motion. A more detailed study reveals that
there is at most one, although the argument is rather involved.

A fairly general class of such systems having one integral can be described as follows.
Suppose thab satisfies

re‘b, + se b, =0, (7.3)
Then €u + esv is an integral. Equation (7.3) may be solved by defining
b b
Inw="2-_2 (7.4)
r S

from which (7.3) implies that

rwy +sww, = 0. (7.5)
The solution of (7.5) is given implicitly by

sxw —ry = F(w) (7.6)
where F is an arbitrary function ofv.

Example 7.3 Consider the Lagrangian given by (ii) of theorem 6.3 but suppose now that
is independent of. Then one may check th%t— 1+ Is a first integral of the geodesics.
More generally examples of integrable systems may be obtained from Neother’s theorem
by assuming some invariance of the Lagrangian. For example for the Lagrafigiasi e
we could choosé to be a function ofpx 4 gy wherep andq are real. In this casg¢ — £

is a first integral.
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